Abstract-We present an improved plane-pair partial element equivalent circuit (PEEC) model for power distribution network modeling based on the PEEC formulation. The model can include via connections, decoupling capacitor macro-models, and discontinuities such as holes in the plane-pairs. An efficient approximate inductance sub-meshing model is described for large printed circuit plane-pairs with complex geometries and numerous vias. The modified nodal analysis (MNA) used leads to a flexible circuit solution where we can compute inductances, resistances, impedances, or other circuit models, including dc solutions. The MNA equations include effective optimizations such as the placement of capacitors. Today, a large class of methods are available based on numerous formulations including finite-difference time-domain, finite-element method, integral equation model, and cavity models. Each of the approaches has its own type of problems for which it is most suitable.
As illustrated in Fig. 1 , the IC power pins are connected through vias that connect to the PCB's power and reference plane-pair. The voltage between these planes is established by the voltage regulator module (VRM). Strategically placed low-impedance decoupling capacitors are connected between the power/reference planes. The aim of multiple capacitors connected between the power/reference planes is to provide a low impedance even at high frequencies for PCB power integrity [2] , [5] .
An important aspect of the design of IC systems is the ability to model the power distribution network (PDN) in all its complexity. In this paper we consider modeling the PCB plane part of the PDN. The efficiency of the plane-pair partial element equivalent circuit (PPP) approach is based on modeling planepairs, as was done in [6] .
Here, we concentrate on the plane-pair, with one plane typically the reference or ground plan and the other the power or voltage plane. Different approaches are used for plane-pair modeling. One type of model is based on microwave cavity modeling [7] . The original cavity model has evolved into several different application specific approaches, e.g., [8] . The long list of different techniques for plane-pair modeling also includes lumped 2-D DE circuits or finite-difference time-domain (FDTD) models [9] and the transmission-line matrix (TLM) approach [10] , [11] .
The conventional plane-pair partial element equivalent circuit (PEEC) approach without acceleration techniques is time and storage intensive due to couplings between all elements [12] . This is a significant obstacle in full-wave analysis when dealing with large PCBs. Fortunately, an improved differential coupling model [13] can be used to sparsify coupling.
It has been noted that the inductive far coupling is stronger in conventional PEEC models than the capacitive coupling [14] .
A solution technique is based on the observation that the far coupling is weaker for the inverse of the partial inductance matrix . Approximations of the inverse were used to partially avoid costly run times. An example for improvement of the approach is given in [15] . However, the approach presented in this paper is much more efficient for parallel planes since the difference inductive coupling can be exploited for plane-pair models [16] . This approach is fundamental for the speed improvement, which we call the PPP approach.
We point out the advantages of the PPP technique in comparison to the widely use conventional differential equation (DE) models that have been used by many researchers, e.g., [17] . While the DE approach is fast, its accuracy suffers at discontinuities and boundaries and very narrow plane-pairs, which is an issue similar to short-length transmission-line models. Hence, the PPP method better accounts for plane boundaries and holes in planes, etc.
We use parallel-plate-type models for the inclusion of capacitances. This will be validated in the results section. Corrections to the capacitance models can be made by the inclusion of fringe capacitance approaches.
Speed-up techniques in the PPP approach are based on rectangular Manhattan meshing such that partial inductance sub-matrices for the -and -directions are decoupled. As done in previous work [16] , [18] , an approximation of the current distribution is used to accomplish a mesh reduction without the introduction of -couplings between the and matrices. For this reason, we devised the PPP approach to model the system with fewer unknowns. A key advancement made in this work is multi-level meshing. The opposite plane-pair currents and the difference-nodes included in the approach implemented in modified nodal analysis (MNA) [19] matrices are suitable for the multi-level mesh reduction. The significant gain in the solution speed realized by using sub-meshing will be presented in the results section. This approach enables its practical use for large and complex PCB problems.
The equivalent circuit for the PDN decoupling capacitors can be changed depending on the application. Two models can be used for an inductance-only model. In one model type, the capacitors are replaced by shorts, which essentially results in the capacitor impedance only due to the inductance of the via connection. Another inductance-only model can also include the inductance part of the capacitor impedance (ESL). For both cases, the solution vector is real, which results in a fast computing time.
If we also add resistance of the PEEC cells and capacitors to the solution, we solve the R-L problem, which leads to a complex solution vector. Adding the capacitances with or without the (ESC) capacitance of the decoupling capacitors results in a complex impedance model. Both Joule and dielectric losses can be readily added to the model with the result that the approach presented in this work is both flexible and powerful.
In Sections II and III, the PPP model and its PPP implementation are detailed. Section II-B introduces the modeling of the vertical interconnects or vias, capacitances, and loss models. Acceleration with an approximate multi-level submeshing is presented in Section IV. Finally, validation of simulations using this approach are given in Section V. 
II. OUTLINE OF PPP MODEL IN FREQUENCY DOMAIN

A. Inductance Model for PPP
Partial inductance has been discussed in [20] , allowing the inductance to be split into constituent partial inductances. In addition, the orthogonality of the currents in the vias and the planes allows the modeling of vertical elements (vias) without partial mutual coupling inductances in the horizontal direction (plane).
Plane-pairs are subdivided using the orthogonal PEEC [12] meshing shown in Fig. 2 . A partial inductance is assigned to each rectangular mesh cell indicated by dashed lines, in either the or direction [16] , where the partial inductances are connected to the nodes. The grey -directed cells and half-cells are pointing down in Fig. 2 , while the orthogonal -cells and half cells at the boundaries are pointing to the right.
Both planes require the same congruent meshing. Holes in the plane-pairs can easily be made by eliminating the appropriate partial inductances in the models, as shown in Fig. 2 . The orthogonality between the currents prevents mutual couplings between and cells, which further increases matrix sparsity. Fig. 3 represents the simplest possible example for a PEEC two-plane model to explain the basic formulation where the cells are represented by lines [16] . Four nodes are used per plane to represent the meshing with one power via and one reference via. A current is injected at nodes 4 and 4 in order to find the inductance between the planes at port 4. Also, the load, which is connected between the planes at nodes 1 and 1 , is simply represented by a short-circuit connection, the simplest model for a decoupling capacitor valid due to the large capacitance values. The plane-pair inductance-the inductance between the power and reference planes-is therefore separated from via inductances by the plane inductance. In this example, the inductance at N4 is given by . The fundamental structure of the MNA matrix, shown in (20) at the bottom of page 738, is the same for practical problems with . In order to guarantee a good conditioning of the MNA matrix we use mA, V, GHz, ns as normalized units and k , pF, and H for the circuit. Note that circuit element stamps for the shorting and decoupling capacitors are added at the end of the unknown vector so that changes can be made without touching the rest of the matrix. This formulation was presented in [16] and [18] .
In the difference inductance model [16] , [21] , the cell pairs and shown in Fig. 4 , represented by the equivalent circuit shown in Fig. 5 represent two sections in the plane, each containing a power and a ground cell component. The voltage drop on the left cell pair induced by current on the right cell pair is given by (1) . The mutual partial inductance between sections is given in (2) . The mutual partial inductance and can be found by the formula for the mutual inductance of rectangular sheets [22] . Of course, this formula can also be used to find the self partial inductance of a section
Dipole-like cancellation ( ) is observed in the mutual coupling between cells due to the opposite currents of each element. Therefore, mutual coupling reduces rapidly.
These difference segment couplings decay much faster than the single-layer partial mutual inductances. Fast approximations is applied at middle distances and the couplings are neglected for large distance compared to the plane separation . For the purpose of accelerating MNA matrix element calculation, the mutually inductance (4) between cells is accurately approximated with a one-filament model, where and are section side lengths and [21] . On the other hand, the mutual coupling between cells can be entirely neglected at larger distances while still maintaining accuracy to the solution with the inclusion of all mutual terms. More importantly, by setting long-distance coupling to zero, it leads to a sparse matrix,
The wider cells partial inductances can be approximated by using a two-filament representation for each conductor. For two filaments in each surface we have and representing conductor , and and representing conductor . For a normalized cell width of 1, filaments are placed at and by Gaussian quadrature with a weight of 0.5 each. We then have for the difference cell section to cell section coupling.
Generally, for -filaments approximations
For the difference section pairs,
The comparison is given in Table I . In this example, the section length is 1 mm 1 mm and vertical cell spacing is 0.2 mm. In Fig. 6 , we compare their convergences to zero thickness rectangular sheets model versus the distance of two sections. The result shows that the two-filament approach of a partial inductance is better than the one-filament approach since it provides faster convergence to the zero thickness rectangular sheet model (solid line). Essentially, we use the two filament model to replace the zero thickness model at middle distances in this paper.
In this work we use a multilevel sub-meshing strategy to accurately capture the effects of current crowding in the vicinity of the vias. This permits smaller mesh sizes to be used in the vicinity of vias, where currents and their spatial variation are both significant. At the same time, using larger meshing away from via regions thereby maintains accuracy while dramatically reducing run times in comparison to solutions without submeshing.
B. Approximate Models for the Via Connections
The required complexity of the via models depends on two factors, one being the highest frequency for which the model is to remain valid and the other the maximum tolerable compute time. Fortunately, due to the mid frequency range in our applications, one filament model suffices to represent a via [4] .
Rectangular approximations for vias are used in several papers [16] , [21] . One can also approximate the number of contacts to the via to represent a round via [4] . The round via has a radius and length . We assume that is larger than the diameter . With a high-frequency skin-effect approximation, the partial self inductance of a round wire is approximated using the partial self inductance of a zero thickness cylindrical tube in (7), where [23] . Since this formula is inaccurate if we also use the approximate round wire formula (8) [24] . A square model approximation is used in this work and the via connects to the plane with the via diameter equal to side length,
The coupling between vias is accurately represented by two parallel filaments [13] , [24] , shown in Fig. 7 . This approximation holds provided that the via diameter is small compared to via spacing. The analytical form of the partial inductance is given for this case by (9) , (9) with and
C. Adding Capacitances to PPP Model
The plane capacitances lead to additional resonances at higher frequencies. Very high-frequency PDN models require the inclusion of capacitances as well as inductances. It has already been shown that inductive coupling is relatively local for plane-pairs. Since it is well known that capacitive coupling for plane-pairs is more local than inductive, it is sufficient to add a conventional DE model to the PPP capacitance model. Further, this enhances the overall simplicity of the model. High-frequency solutions can be obtained without including retardation since in the difference models the couplings are very local.
Using the parallel-plate capacitor model, the partial capacitance is , where is the cell area, as shown in Fig. 8 , and is the plane separation. The capacitances are stamped into the main diagonal of the upper left part of the MNA matrix (20) .
Four cases for capacitance are shown in Fig. 8 and a capacitance plate is shown by the gray area where the capacitance is proportional to with different ratios [4] .
D. Plane Skin-Effect Model and Losses for Dielectric
Losses can be included in the PEEC circuit models at different levels guided by the usual accuracy and complexity tradeoffs. Most of the PPP models are applied such that fast solutions result. The most efficient model uses zero thickness partial inductances, and we assume that the frequency is sufficiently high so that the conductor thickness is larger than several skin-depths , where is the conductor thickness and is the conductivity of the planes, (10) We can use several different models for the plane resistance for a cell. The resistance of the planes can easily be included in the MNA equations as is done in (20) with added to the cell coupling self inductance. The usual 1-D skin-effect model could be used for finite thickness conductors, or (11) where the factor of 2 accommodates the two plane resistance and . To satisfy causality, the model must be Hilbert consistent, and we also need to take the impact of the inductive skin-effect part into account [25] .
Including dielectric loss is not of key importance for midfrequencies in the lower GHz range. Debye models with few elements can easily be added to the capacitor model to account for dielectric loss where again the added accuracy will result in increased compute time [26] .
III. TIME-DOMAIN PPP
We have shown the overall PPP MNA formulation in the frequency domain. However, it is worth mentioning that this formulation in the frequency domain can be easily converted to a time-domain solution. Consider two standard DEs for a capacitor and inductor in (12) , which describes time characteristics for a capacitor from node to and an inductor at branch . An example for the MNA inductance stamp for via inductances is given in Table II .
First-or second-order numerical integration techniques in (13) with coefficients listed in Table III, can be used for  time-domain PPP, where presents the th time step. For the purpose of stability and accuracy, we use the second-order backward difference (BD2) integration method in this work, which is given by the last row in Table III , (12) (13) At time , node , the Kirchoff's voltage law (KVL) equation can be written as (14) with appropriate derivative approximation, (14) Similarly, at time , branch , node to , the Kirchoff's current law (KCL) equation can be written as (15), (15) Thus, the PPP MNA matrix in the time domain takes the following form in (16): (16) Note that if we take uniform time steps, , the time-domain MNA matrix will not change, which leads to a fast solution.
IV. ACCELERATION THROUGH THE USE OF MULTILEVEL SUB-MESHING
A. Sub-Dividing Mesh Cells and Weighted KCL
Here, an example of three levels of sub-meshing is given in Fig. 9 to illustrate the transitioning of meshing. Each sub-mesh level halves the size of the mesh dimensions. To achieve a continuous transitioning of current across the boundary, weighted KCL equations can be used to make transition as continuous as possible, where the current in each partial inductance is assumed to be uniformly distributed on cells.
Based on the ratio of the corresponding boundary of two submeshing cross-section lengths, one can obtain weighted KCL coefficients as discussed in [4] . 
B. Approximation of Mutual Inductance Coupling Using Multi-Level Sub-Meshing
Thus far, we considered two speed-up techniques used, the symmetry of the two planes, and the multi-level meshing. In this section, we consider two other approaches. In the first approach, we use approximations for inductive coupling, while in the second one we entirely neglect these small inductive couplings. Both approaches are possible due to the rapid decay of the difference inductive coupling. This results in a sparse matrix whose solution is fast to compute.
The decay of the difference coupling and the approximate coefficients for transmission-line-type problems was observed in [13] . For plane-pair modeling a similar approach was applied in [16] , [18] . Here, we extend the approach to the multilevel sub-meshing presented in Section IV-A. The rapid decrease in the mutual inductance between cells versus distance between cells is an important task addressed in this section.
First, consider the criterion used to switch from the cell-pair to cell-pair inductance to the two-filament pair to two-filament pair inductance. The relative error of calculating mutual inductance by closed-form expressions compared to that from two-filament approximations is given by (18) with 3% error used here as sufficient accuracy for most purposes, An example is provided here of coupling between 0.125 mm 0.125 mm section size to 0.25 mm 0.25 mm section size with 0.2-mm plane separation. The partial mutual inductance is calculated by closed-form formula and the approximation formula. From our study it is clear that when the section distance is larger than approximately 0.74 mm, the 3% approximation rule is met. With this method, the family of curves given in Fig. 10 can be used to find required section distance. The required section distance is normalized to the larger value of section sizes and plane separation. The index indicates the difference in level between two sections, e.g., means, two commensurate sections. As shown in Fig. 10 , less required normalized section distance is necessary when the initial section size is large.
Second, we consider the criterion used to neglect coupling entirely according to (4) , and one may define the normalized inductance as the mutual partial inductance divided by the self partial inductance in (19) [21] . An example of fast decay of mutual normalized partial inductance is plotted in Fig. 11 . At a distance of 1.35 mm, the mutual partial term is already less than 10 of the self partial term. Hence, these mutual terms may be neglected entirely for a sufficiently large section distance. Fig. 12 shows a family of curve of required normalized section distance versus section size, (19) 
V. VALIDATION OF SIMULATIONS
A. Impedance Sweep Validation
The part of the real PCB structure in Fig. 13 was simplified as shown in Fig. 14 . The test parameters are as follows.
1) Plane separation mm (10 mil). 2) Via diameter mm.
(20) 
B. Run-Time Reduction
The multi-level sub-meshing method reduces the number of unknowns, leading to significant reductions in the solve time, allowing larger systems to be modeled than those possible prior to implementing the sub-meshing strategy.
We use a larger plane-pair with 500 mm 250 mm plane size and 0.2-mm plane spacing as the test geometry. The center of the short is located at (250 mm, 62.5 mm), and the source center is located at (250 mm, 187.5 mm). The via size for both short and source is 0.25 mm 0.25 mm. We use two, three, and five contacts of voltage nodes on each side of a via for different configurations.
Comparison for the time reduction is shown in Table IV . We are approximating the via with a more realistic round-shape approximation in five contacts configuration. Further, it is interesting to consider a resistance-only solution. Its run-time results are also given for comparison. The MNA matrix is very sparse for this case since resistance models are not mutually coupled.
We did not provide uniform mesh information because there are too many unknowns to be incompatible with the modest computer resources available to us.
VI. CONCLUSIONS
The PPP method with the use of multi-level sub-meshing requires significantly shorter run times than uniform meshing while maintaining high accuracy compared to the traditional PPP approach. The approach results in refined meshing near the vias and other connections, hence capturing the rapid spatial variation of current. Regions far from the via and other connections are represented by more sparse meshes, which resulted in a significant reduction in the number of unknowns. Run time is further reduced through the rapid decay of the inductive couplings, which leads to further spasification.
The PPP method shows its promise and flexibility in modeling a plane-pair in a PDN. Although we recognize that modeling a plane-pair is only part of a PDN model, it is feasible to cascade layer pairs, as is conventionally done.
